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Abstract
Let Cα(X,Y ) be the set of all continuous functions from X to Y endowed with the set-open topol-
ogy where α is a hereditarily closed, compact network on X such that closed under finite unions. We
define two properties (E1) and (E2) on the triple (α,X,Y ) which yield new equalities and inequali-
ties between some cardinal invariants on Cα(X,Y ) and some cardinal invariants on the spaces X, Y
such as:
Theorem. If Y is an equiconnected space with a base consisting of ϕ-convex sets, then for each
f ∈ C(X,Y ), χ(f,Cα(X,Y )) = αa(X) . we(f (X)).
Corollary. Let Y be a noncompact metric space and let the triple (α,X,Y ) satisfy (E1). The follow-
ing are equivalent:
(i) Cα(X,Y ) is a first-countable space.
(ii) π -character of the space Cα(X,Y ) is countable.
(iii) Cα(X,Y ) is of pointwise countable type.
(iv) There exists a compact subset K of Cα(X,Y ) such that π -character of K in the space
Cα(X,Y ) is countable.
(v) αa(X) ℵ0.
(vi) Cα(X,Y ) is metrizable.
(vii) Cα(X,Y ) is a q-space.
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1. Preliminaries
In [4], it have been investigated some relations between some cardinal invariants on
the space Cα(X,R) and some cardinal invariants on the space X, where R is the space
of real numbers with the usual metric. In this paper, when the range space Y is an arbi-
trary topological space having some requisite properties, we investigated some relations
between some cardinal invariants on the space Cα(X,Y ) and some cardinal invariants on
the spaces X, Y .
Throughout this paper X and Y are infinite Tychonoff spaces (i.e., completely regular
topological spaces in which finite sets are closed), and C(X,Y ) denotes the set of all con-
tinuous mappings from X into Y , and α is always a hereditarily closed, compact network
on the domain space X. (I.e., α is a network on X such that each member is compact and
each closed subset of a member of it is a member of it.) Without loss of generality we can
assume that α is closed under finite unions. Throughout this paper ω and ℵ0 denote the
first infinite ordinal and the first infinite cardinal, respectively.
Let A ⊆ X and B ⊆ Y . The notation [A,B] used to denote
[A,B] = {f ∈ C(X,Y ): f (A) ⊆ B}.
If x ∈ X and B ⊆ Y , then [{x},B] is abbreviated as [x,B].
The topology generated by the family
B =
{
n⋂
i=1
[Ai,Vi]: Ai ∈ α and Vi is open in Y for each 1 i  n
}
on the set C(X,Y ) is called the set-open topology, and the function space C(X,Y ) having
this topology is denoted by Cα(X,Y ). The family B is called the standard base of this
topology. For any element B =⋂ni=1[Ai,Vi] of B, the set⋃ni=1 Ai is called the support of
B , and denoted by supp(B). The function space C(X,Y ) having the topology of pointwise
convergence is denoted by Cp(X,Y ).
Let Z be a subspace of X. Then α|Z denotes the set {A ∩ Z: A ∈ α} and the restriction
of a mapping f :X → Y to the set Z is denoted by f|Z .
The cardinality and the closure of a set A is denoted by |A| and A, respectively.
A familyO of nonempty open subsets of a space X is called a π -base for the space X at
a set A ⊆ X, if for any open set U that contains A there exists an O ∈O such that O ⊆ U .
The π -character of a set A in a topological space X is defined as the smallest cardinal
number of the form |O|, where O is a π -base for X at the set A; this cardinal number is
denoted by πχ(A,X).
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of β , then β is called an α-cover of X. The smallest infinite cardinality of such a family β
with β ⊆ α is called α-Arens number of X, and it is denoted by αa(X).
An external base for a subspace A of a topological space X is a family D of open
subsets of X with the property that for each a ∈ A and any neighbourhood U of a in the
space X, there exists a D ∈D such that a ∈ D ⊆ U . The external weight of a subspace A of
a space X is the smallest infinite cardinal number of the form |D|, where D is an external
base for A; this cardinal number is denoted by we(A).
The character and weight of a space X are denoted by χ(X) and w(X), respectively.
For a space X, we denote the smallest cardinal number κ with the property that for each
x in X there exists a compact subset C of X such that x ∈ C and χ(C,X) κ by h(X).
uw(X), the uniform weight of an uniform space X, is the smallest infinite cardinality of
an uniformity base of X.
Notations and terminology not explained above can be found in [1,3,4].
2. Two properties on the triple (α,X,Y )
It is well known that the topological space R with the usual metric has a lot of strong
properties. For example R is a linear topological space, and hence the space Cα(X,R) is
a linear topological space. But, in general, for any topological space Y , the space Cα(X,Y )
does not have most of the properties that Cα(X,R) has.
In this part, we will give two properties on the triple (α,X,Y ), and we will investigate
(α,X,Y ) satisfying these properties.
We say that the triple (α,X,Y ) satisfies (E1) when it satisfies the fact that if y ∈ Y ,
f ∈ C(X,Y ), A ∈ α and x ∈ X\A, then there exists a g ∈ C(X,Y ) such that g(x) = y and
g|A = f|A .
We say that the triple (α,X,Y ) satisfies (E2) when it satisfies the fact that if y ∈ Y ,
then there exists an open subset W of Y such that y ∈ W , and if B is a nonempty element
of the standard base of Cα(X,Y ) and F is a finite subset of X with F ∩ supp(B) = ∅, then
[F,Y\W ] ∩ B = ∅.
It is easy to see that (E1) implies (E2).
We observe that, if the triple (α,X,Y ) satisfies (E1) then C(X,Y ) is a dense subset of
the product space YX .
In order to satisfy (E1), we give some sufficient conditions on the triple (α,X,Y ).
Proposition 1. If X is a zero-dimensional topological space, then (α,X,Y ) satisfies (E1).
Proof. Take any y ∈ Y , f ∈ C(X,Y ), A ∈ α and x ∈ X\A. Since the space X is zero-
dimensional, and A is closed subset of X, then there exists a closed–open subset Z of X
such that x ∈ Z ⊆ X\A. Define the function g :X → Y with g(p) = y for each p ∈ Z, and
g(p) = f (p) for each p ∈ X\Z. One can easily verify that g is continuous, g(x) = y and
g|A = f|A . 
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fies (E1).
Proof. Take any y ∈ Y , f ∈ C(X,Y ), A ∈ α and x ∈ X\A. Since the space X is Tychonoff,
there exists a continuous function Ψ :X → [0,1] such that Ψ (x) = 0 and Ψ (A) ⊆ {1}.
Pathwise connectedness of Y gives us a continuous function Φ : [0,1] → Y such that
Φ(0) = (f (x))−1 ∗ y and Φ(1) = e (e being the identity of Y ). Then define the func-
tion g :X → Y with g(z) = f (z) ∗ (Φ(Ψ (z))). Thus, g is continuous function that is
required. 
Proposition 3. Let X and Y be topological spaces. If there exists a continuous map ϕ :Y ×
Y × [0,1] → Y such that ϕ(p,q,0) = p and ϕ(p,q,1) = q for each p,q ∈ Y with p = q ,
then (α,X,Y ) satisfies (E1).
Proof. Take any y ∈ Y , f ∈ C(X,Y ), A ∈ α and x ∈ X\A. Since the space X is Tychonoff,
there exists a continuous map Ψ :X → [0,1] such that Ψ (x) = 0 and Ψ (A) ⊆ {1}. Define
the function g :X → Y with g(z) = ϕ(y,f (z),Ψ (z)).Then g is continuous function that is
required. 
Recall that an equiconnected topological space Y is a topological space with the exis-
tence of a continuous map ϕ :Y ×Y ×[0,1] → Y such that ϕ(p,p, t) = p, ϕ(p,q,0) = p
and ϕ(p,q,1) = q for every p,q ∈ Y and t ∈ [0,1]. The map ϕ is called an equiconnect-
ing function. A subset V of an equiconnected space Y is called a ϕ-convex subset of Y
provided that ϕ(V × V × [0,1]) ⊆ V .
The last proposition leads us to the following corollary.
Corollary 1. If Y is an equiconnected space, then (α,X,Y ) satisfies (E1).
If Y is a topological vector space, or a convex subset of any topological vector space,
then Y is an equiconnected space. Also, every retract of any equiconnected space is also
an equiconnected space. So, we can state the following.
Corollary 2. If Y is a topological vector space, or a convex subset of any topological
vector space, or a retract of a convex subset of any topological vector space, then (α,X,Y )
satisfies (E1).
Recall that a topological lattice Y is a topological space,  is a partial order on Y , every
two element set {p,q} has the supremum p ∨ q and the infimum p ∧ q , and the lattice
operations ∨ and ∧ are continuous.
The following is a sufficient condition on the triple (α,X,Y ) for it to satisfy (E2).
Proposition 4. Let Y be a pathwise connected topological lattice having no smallest ele-
ment. If each compact subset of Y is bounded above, then (α,X,Y ) satisfies (E2).
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q = y. Continuity of the operation ∨ :Y × Y → Y leads us to the fact that K = {z ∈ Y :
z q} is closed in Y .
Let B be any nonempty element of the standard base of Cα(X,Y ) and F be a finite
subset of X with F ∩ supp(B) = ∅. Take an f ∈ B . Since f (supp(B)) is a compact sub-
set of Y , the set f (supp(B)) is bounded above. Let p be an upperbound of f (supp(B)).
Since Y is a pathwise connected space and X is a Tychonoff space, we can find a contin-
uous function h :X → Y such that h(supp(B)) ⊆ {p} and h(F ) ⊆ {q}. Define the function
g :X → Y with g(x) = h(x) ∧ f (x) for each x ∈ X. It is clear that g is continuous, and
one can easily verify that g ∈ [F,K] ∩ B . 
3. Main results
We give a new definition.
Definition 1. Let X be a topological space, A ⊆ X, and let O be a π -base for X at A.
A point x in A is called a π -accumulation point of O at A if for each neighbourhood U
of x, and for each neighbourhood V of A, there exists an O ∈O such that O ∩U = ∅ and
O ⊆ V .
The following lemmas are needed in the proof of the next theorem. The proof of the
first lemma is trivial.
Lemma 1. Let X be a topological space, K be a nonempty compact subset of X, and O be
a π -base for X at K . Then there exists a π -accumulation point of O at K .
Lemma 2. Let T and S be two topologies on X such that (X,S) is Hausdorff and S ⊆ T .
Let K be a T -compact subset of X, and let O be a π -base for the space (X,T ) at K . If x
is a π -accumulation point (respect to T ) of O at K , then the family
{U ∩ O: U ∈ S, x ∈ U, O ∈O and U ∩ O = ∅}
is a π -base for the space (X,T ) at the point x.
Proof. Take any T ∈ T with x ∈ T . Since x /∈ K\T , and the set K\T is S-compact,
and the space (X,S) is Hausdorff, there exist U , V ∈ S such that x ∈ U , K\T ⊆ V and
U ∩ V = ∅. Since K ⊆ T ∪ V , T ∪ V ∈ T , and x is a π -accumulation point of O at K ,
there exists a O ∈O such that U ∩O = ∅ and O ⊆ T ∪V . It is clear that O ∩U ⊆ T . 
Lemma 3. Let the triple (α,X,Y ) satisfy (E2), and let K be a nonempty compact subset
of Cα(X,Y ), and let the family O be a π -base for the space Cα(X,Y ) at K where O is a
subfamily of the standard base of the space Cα(X,Y ). Let f be a π -accumulation point of
O at K . Then each element A of α can be covered by a finite subfamily of the family{
B ∪ supp(O): B is a finite subset of X, and O ∈O}.
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by means of the property (E2). Since the set f (A) is compact, then there exists a finite
subset F of f (A) such that f (A) ⊆⋃{Wy : y ∈ F }, and there exists a closed subset Cy
of Y for each y ∈ F such that f (A) ⊆⋃{Cy : y ∈ F } and Cy ⊆ Wy for each y ∈ F . So,
we have f ∈ [A ∩ f−1(Cy),Wy] for each y ∈ F . Since f is a π -accumulation point of O
at K , by Lemma 2, there exists a neighbourhood Uy of f in Cp(X,Y ), and an Oy ∈ O
such that Uy ∩ Oy = ∅ and Uy ∩ Oy ⊆ [A ∩ f−1(Cy),Wy] for each y ∈ F . The choice of
Wy ’s gives us A ∩ f−1(Cy) ⊆ supp(Uy) ∪ supp(Oy) for each y ∈ F , and hence we have
that A ⊆⋃{supp(Uy) ∪ supp(Oy): y ∈ F }. 
Now we are ready to state and prove one of the main theorems in this paper.
Theorem 1. Let the triple (α,X,Y ) satisfy (E2), and let K be a nonempty compact subset
of Cα(X,Y ). If πχ(K,Cα(X,Y )) κ , then there exists a closed–open subset Z of X, and
a subfamily β of α with |β| κ such that for each A ∈ α the set A\Z is finite, and β is an
α|Z -cover of Z.
Proof. Let O be a π -base for Cα(X,Y ) at K such that |O| κ , and let f be a π -accumu-
lation point of O at K . There is no loss of generality by assuming that the family O is a
subfamily of the standard base of the space Cα(X,Y ). Let
Z =
⋃{
supp(O): O ∈O}
and let β be the family of all finite unions of elements of the family {supp(O): O ∈O}. It
is clear that |β| κ , and since α is closed under finite unions, β ⊆ α.
First, we prove that the set Z is a closed–open subset of X by showing Z ∩ X\Z = ∅.
Let x ∈ X. Let U be the subfamily of the standard base of Cp(X,Y ) such that supp(U) ⊆ Z
and f ∈ U for each U ∈ U , and let F be the family of finite subsets of X which are not
meeting with Z. Define
A(U) =
⋃
{O ∈O: O ∩ U = ∅}
for each U ∈ U . Since f is a π -accumulation point of O at K , we have A(U) = ∅ for
each U ∈ U . The property (E2) gives us an open subset W of Y such that f (x) ∈ W and
[F,Y\W ] ∩O ∩U = ∅ for each F ∈F , U ∈ U , and O ∈O with O ∩U = ∅. Then define
S(F,U) = [F,Y\W ] ∩ A(U) ∩ U
for each F ∈ F and U ∈ U . Since [F,Y\W ] ∩ O ∩ U = ∅ for each F ∈ F , U ∈ U , and
O ∈O with O∩U = ∅, and since f is a π -accumulation point ofO at K , we have that K∩
S(F,U) = ∅ for each F ∈ F and U ∈ U . We observe that the family {K ∩ S(F,U): F ∈
F , U ∈ U} of closed subset of K has the finite intersection property. So, there exists a
g ∈ C(X,Y ) such that g ∈ S(F,U) for each F ∈ F and U ∈ U . One can easily prove that
g(X\Z) ∩ W = ∅ and g|Z = f|Z . Continuity of g, Hausdorffness of Y and f (x) ∈ W lead
us to the fact that x /∈ Z ∩ X\Z, hence the result.
Now, we prove that the family β is an α|Z -cover of Z. Take any A ∈ α. From Lemma 3,
there exist F1,F2, . . . ,Fn finite subsets of X, and O1,O2, . . . ,On ∈O such that
A ⊆
⋃{
Fi ∪ supp(Oi): 1 i  n
}
.
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many elements of O for each i with 1 i  n. Hence the set A ∩ Z is contained in some
member of β , and so, the family β is an α|Z -cover of Z.
Since supp(Oi) is a subset of Z for each i, we have
A\Z ⊆
⋃
{Fi\Z: 1 i  n}.
Therefore A\Z is finite. 
Let Z and K be as in the above theorem. We note that since the set Z is a closed–open
subset of X, the mapping
π :Cα(X,Y ) → Cα|Z (Z,Y ) × Cα|X\Z (X\Z,Y )
defined by π(f ) = (f|Z , f|X\Z ) is a homeomorphism. In the above theorem, we have seen
that if A ∈ α with A ⊆ X\Z, then A is finite. Hence the space Cα(X,Y ) and the product
space Cα|Z (Z,Y )×Cp(X\Z,Y ) are homeomorphic with the map π . Let π˜ :Cα(X,Y ) →
Cp(X\Z,Y ) be the projection map with π˜(f ) = f|X\Z for each f ∈ C(X,Y ). One can
easily show that π˜ (K) = C(X\Z,Y ). Since K is compact and the map π˜ is continuous,
the space Cp(X\Z,Y ) is compact. If X\Z = ∅, then the space Y closedly embeddable in
Cp(X\Z,Y ) [4]. So, if Y is not a compact space, then X\Z = ∅. Thus we can say
Corollary 3. Let the triple (α,X,Y ) satisfy (E2), and let K be a nonempty compact subset
of Cα(X,Y ). If Y is not a compact space, then αa(X) πχ(K,Cα(X,Y )).
If X is a connected space, then we have either Z = X or Z = ∅ for the set Z. If Z = ∅,
then we have K = Cα(X,Y ) for the compact subset K of Cα(X,Y ). Therefore we have
Corollary 4. Let the triple (α,X,Y ) satisfy (E2), and let K be a nonempty compact proper
subset of Cα(X,Y ). If X is a connected space, then
αa(X) πχ(K,Cα(X,Y )).
For the set K in Theorem 1, if K = {f }, where f ∈ C(X,Y ), then we have Z = X, and
hence we can state the following.
Corollary 5. For each (α,X,Y ) satisfying (E2), and for each f ∈ C(X,Y ), we have that
αa(X) πχ(f,Cα(X,Y )).
We note that, when Y in the above corollary is R, the α-Arens number of X, the char-
acter of Cα(X,R) and the π -character of Cα(X,R) are the same [4, Theorem 4.4.1].
It is known that αa(X) = |X|, if α consists of all finite subsets of X [4]. So, by Corol-
lary 5, if the triple (α,X,Y ) satisfies (E2) where α consists of all finite subsets of X, then
|X| πχ(f,Cp(X,Y )) for each f in C(X,Y ).
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a base B consisting of ϕ-convex subsets of Y , then the family
σ =
{
n⋂
i=1
[Ai,Vi]: n ∈ ω, Ai ∈ α, Vi ∈ B
}
is a base for the space Cα(X,Y ), and σ satisfies the following property:
“if ⋂ni=1[Ai,Vi] ∈ σ , f ∈⋂ni=1[Ai,Vi], A ∈ α, V is an open proper subset of Y and⋂n
i=1[Ai,Vi] ⊆ [A,V ], then there exist some unions of some intersections of elements
of the family {Vi : i = 1,2, . . . , n} such that the set is a subset of V and contains f (A).”
Proof. Let ϕ :Y ×Y ×[0,1] → Y be the equiconnecting function. It is clear that the family
σ is a base for the space Cα(X,Y ). Let
⋂n
i=1[Ai,Vi] ∈ σ , f ∈
⋂n
i=1[Ai,Vi], A ∈ α, and
let V be an open proper subset of Y such that
⋂n
i=1[Ai,Vi] ⊆ [A,V ]. By Corollary 1,
(α,X,Y ) satisfies (E1). The property (E1) leads us to the fact that A ⊆⋃ni=1 Ai .
The family of all subsets having k elements of the set {1,2, . . . , n} be denoted by
{1,2, . . . , n}k where k is an integer with 1  k  n. For each k with 1  k  n, and for
each a ∈ {1,2, . . . , n}k define A(a) =⋂i∈a Ai , and define a subset Lk of {1,2, . . . , n}k by
the rule:
a ∈ Lk ⇐⇒
(
A ∩ A(a)) \⋃{Aj : 1 j  n and j /∈ a} = ∅.
We claim that V (a) ⊆ V for each a ∈ Lk with 1 k  n. To prove this, assume the con-
trary. Let y ∈ V (a)\V for some a ∈ Lk with 1 k  n. Since a ∈ Lk , there exists an x ∈ X
such that x ∈ A∩A(a) and x /∈ Aj for each j ∈ {1,2, . . . , n}\a. Since f is continuous and
the space X is regular, there exists an open neighbourhood W of x such that
f (W) ⊆ V (a) and W ∩
⋃
{Aj : 1 j  n and j /∈ a} = ∅.
Since X is a Tychonoff space, we have a continuous function η :X → [0,1] such
that η(x) = 0 and η(X\W) ⊆ {1}. Then the function h :X → Y defined by h(z) =
ϕ(y,f (z), η(z)) for each z ∈ X, is continuous. Since η(x) = 0, we have h(x) = y. We
shall now show that h ∈ ⋂ni=1[Ai,Vi]. Take any i with 1  i  n, and take a z ∈ Ai .
We have that either i ∈ a or i /∈ a. If i ∈ a; ϕ-convexity of Vi leads us to the fact that
h(z) ∈ Vi . If i /∈ a, then we have Ai ∩W = ∅. So h(z) = f (z), and hence h(z) ∈ Vi . There-
fore h ∈⋂ni=1[Ai,Vi]. But, since x ∈ A, h(x) = y and y /∈ V , we have h /∈ [A,V ]. This
gives a contradiction, so we obtain that
n⋃
k=1
⋃
a∈Lk
V (a) ⊆ V.
Since A ⊆⋃ni=1 Ai , we have
A ⊆
n⋃ ⋃
A(a).k=1 a∈Lk
S. Önal, Ç. Vural / Topology and its Applications 150 (2005) 255–265 263We also have f (A(a)) ⊆ V (a) for each k with 1  k  n and a ∈ Lk . Hence we obtain
that
f (A) ⊆
n⋃
k=1
⋃
a∈Lk
V (a) ⊆ V. 
Theorem 2. If Y is an equiconnected space having a base consisting of ϕ-convex sets, then
we(f (X)) χ(f,Cα(X,Y )) for each f ∈ C(X,Y ).
Proof. Let f be any element of C(X,Y ), and let σ be a base for Cα(X,Y ) as in
Lemma 4. Let O = {⋂nλi=1[Aλi ,V λi ]: λ ∈ I } be a local base at the point f such that|I |  χ(f,Cα(X,Y )) and O ⊆ σ . Let the family V be the finite unions of the finite in-
tersections of elements of the family {V λi : λ ∈ I, i = 1,2, . . . , nλ}. We claim that the
family V is an external base for the subspace f (X) of the space Y . To justify our claim, let
y ∈ f (X), and let U be an open neighbourhood of y in Y . Without loss of generality, we
can assume that U = Y . Let y = f (x) for some x ∈ X. Since f ∈ [x,U ] and [x,U ] is open
in Cα(X,Y ), there exists a λ ∈ I , such that f ∈⋂nλi=1[Aλi ,V λi ] ⊆ [x,U ]. From Lemma 4,
there exists a V ∈ V such that f (x) ∈ V ⊆ U . Hence V is an external base for f (X).
It follows that we(f (X)) |V| |I | χ(f,Cα(X,Y )). 
Theorem 3. For each X, Y , α and f ∈ C(X,Y ), χ(f,Cα(X,Y )) αa(X) . we(f (X)).
Proof. Let αa(X) . we(f (X)) = κ . Let β ⊆ α be an α-cover of X such that |β| κ , and
let V be an external base for the subspace f (X) of the space Y with |V|  κ . Let V˜ be
the family of all finite unions of the family V , and let σ = {(V ,U) ∈ V˜ × V˜: U ⊆ V },
and let F be the family of all finite intersections of elements of the family {[f−1(U) ∩
A,V ]: (V ,U) ∈ σ, A ∈ β}. It is easily seen that the family F is a local base at f in
Cα(X,Y ) and |F | κ . 
For a dense subset D of a regular space, it is known that we(D) = w(D) [2]. By this
equality and the above theorem, the following is immediate;
Corollary 6. For each X, Y , α, and for each almost onto f in Cα(X,Y ), we have
χ(f,Cα(X,Y )) αa(X) . w(f (X)).
The following theorem gives a characterization of the character of the space Cα(X,Y )
at a point f . Corollaries 1, 5 and Theorems 2, 3 give us the following.
Theorem 4. If Y is an equiconnected space having a base consisting of ϕ-convex sets, then
for each f ∈ C(X,Y ), χ(f,Cα(X,Y )) = αa(X) . we(f (X)).
The following theorem is a generalization of [4, Theorem 4.4.2]. Let µ be a compatible
uniformity on Y . The function space C(X,Y ) having the topology of uniform convergence
on α with respect to µ is denoted by Cα,µ(X,Y ) as in [4]. uw(Y ), the uniform weight of
an uniform space Y , is the smallest infinite cardinality of an uniformity base of Y .
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uw(Y ) κ , then the following are equivalent:
(i) χ(Cα(X,Y )) κ .
(ii) πχ(Cα(X,Y )) κ .
(iii) There exists a f ∈ C(X,Y ) such that πχ(f,Cα(X,Y )) κ .
(iv) αa(X) κ .
(v) uw(Cα,µ(X,Y )) κ .
In addition, if Y is not a compact space,
(vi) h(Cα(X,Y )) κ .
(vii) There exists a compact subset K of Cα(X,Y ) with πχ(K,Cα(X,Y )) κ .
Proof. It is clear that (i) ⇒ (ii) ⇒ (iii) and (vi) ⇒ (vii). The implications (iii) ⇒ (iv) and
(vii) ⇒ (iv) follow from Corollary 5 and Corollary 3, respectively. It is easy to see that
uw(Cα,µ(X,Y )) αa(X) . uw(Y ). This inequality gives us (iv) ⇒ (v). Since α is a hered-
itarily closed, compact network on X, we have Cα(X,Y ) = Cα,µ(X,Y ) [4]. Moreover, the
character of a topological space whose topology is induced by a uniformity is less than or
equal to the uniform weight of it. These give us the implication (v) ⇒ (i). 
We recall that a space X is called a q-space, if for each point x of X, there exists a
sequence {Un: n ∈ ω} of neighbourhoods of x such that each sequence {xn: n ∈ ω} with
xn ∈ Un for each n ∈ ω has a cluster point in X.
It is well known that, for a topological space X, uw(X) ℵ0 if and only if X is metriz-
able space, and h(X) ℵ0 if and only if X is of pointwise countable type [3]. So, we have
the following.
Corollary 7. Let Y be a noncompact metric space, and let the triple (α,X,Y ) satisfy (E1).
The following are equivalent:
(i) Cα(X,Y ) is a first-countable space.
(ii) π -character of the space Cα(X,Y ) is countable.
(iii) Cα(X,Y ) is of pointwise countable type.
(iv) There exists a compact subset K of Cα(X,Y ) such that π -character of K in the
space Cα(X,Y ) is countable.
(v) αa(X) ℵ0.
(vi) Cα(X,Y ) is metrizable.
(vii) Cα(X,Y ) is a q-space.
(viii) There exists a sequence {On: n ∈ ω} of nonempty open subset of Cα(X,Y ) such
that each sequence {gn: n ∈ ω} with gn ∈ On for each n ∈ ω has a cluster point in
Cα(X,Y ).
Proof. From Theorem 5, statements from (i) to (vi) are equivalent. It is clear that (vii) ⇒
(viii) and (i) ⇒ (vii). There is need to prove the implication (viii) ⇒ (v). Let {On: n ∈ ω}
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On is of the form
⋂k(n)
i=1 [A(n)i ,V (n)i ] where k(n) ∈ ω, and A(n)i ∈ α and V (n)i is an open
subset of Y for each i with 1 i  k(n).
Let
β = {supp(On): n ∈ ω}.
Since α is closed under finite unions, β is a subfamily of α. We claim that β is an α-cov-
er of X. Assume contrary. Let A ∈ α such that A is not a subset of supp(On) for each
n ∈ ω. Choose a xn ∈ A\ supp(On) for each n ∈ ω. Since Y is not a compact space, there
exists a sequence {yn: n ∈ ω} in Y such that {yn: n ∈ ω} has no cluster point in Y . Since
the triple (α,X,Y ) satisfy (E1), there exists an hn ∈ C(X,Y ) such that hn(xn) = yn and
hn ∈ On for each n ∈ ω. From the hypothesis, the sequence {hn: n ∈ ω} has a cluster point
h in Cα(X,Y ). Let L = {xn: n ∈ ω}. Since {xn: n ∈ ω} ⊆ A, A ∈ α and h is a continuous
map, h(L) is a compact subset of Y . So the set {yn: n ∈ ω} ∩ h(L) has to be finite. Then
there exists a k ∈ ω such that {yn: n > k} ∩ h(L) = ∅. Let V = Y\{yn: n > k}. Since the
set [L,V ] is an open neighbourhood of h in Cα(X,Y ), there exists a m ∈ ω with m > k
and hm ∈ [L,V ]. Since hm(xm) = ym, then we have ym ∈ V . But this contradicts with
the fact that m > k. This contradiction shows us that β is an α-cover of X, and hence
aα(X) ℵ0. 
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